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Zero-energy Bound States in Nodal Topological Lattice
Soo-Yong Lee and Jung Hoon Han∗
Department of Physics, Sungkyunkwan University, Suwon 440-746, Korea
Nodal topological lattice is a form of magnetic crystal with topologically non-trivial spin texture,
which further exhibits a periodic array of nodes with vanishing magnetization. Electronic structure
for conduction electrons strongly Hund-coupled to such nodal topological lattice is examined. Our
analysis shows that each node attracts two localized states which form narrow bands through inter-
node hybridization within the mid-gap region. Nodal bands carry a Chern number under suitable
perturbations, suggesting their potential role in the topological Hall effect. Enhancement of the
density of states near zero energy observable in a tunneling experiment will provide a signature of
the formation of nodal topological lattice.
PACS numbers: 72.15.-v, 75.70.Kw, 03.65.Ge
I. INTRODUCTION
Skyrmion crystal phase has been identified in chiral
magnets minimally characterized by the Heisenberg
ferromagnetic exchange and Dzyaloshinskii-Moriya
interactions1–3. Magnetic field plays a key role for
these materials inducing a transition from the spiral
ground state to the triple spiral phase, equivalent to
the triangular lattice of Skyrmions. Although this is
the most widely discovered form of topological spin
lattice in chiral magnets so far, theory suggests many
other forms of possible topological lattices4–8. In two
dimensions, superposition of two orthogonally propa-
gating spirals results in the meron-anti-meron (MM)
lattice where nodes (points of vanishing magnetization)
form a periodic array6–8. In three dimensions, multiple
spiral phases are equivalent to a lattice of hedgehogs
and anti-hedgehogs (HH) realizing simple cubic, or other
crystal symmetries5,7. Magnetization nodes accompany
all of the known three-dimensional topological lattices
constructed so far and remain robust against application
of magnetic field, while the two-dimensional nodes are
lifted by it. A recent observation of the Hall effect in
MnGe is believed to be a consequence of two-dimensional
(or three-dimensional) square (simple cubic) structure
of MM (HH) lattice formed in that material9–11.
Dynamics of conducting electrons coupled through
strong Hund’s rule exchange to the topological lattice of
local moments displays a fascinating array of phenomena
dubbed “emergent electrodynamics”3. Several of its
stark predictions such as the topological Hall effect and
the analogue of Faraday’s law of induction have been
confirmed experimentally3,12. Despite its remarkable
success, the theory of emergent electrodynamics suffers
from a subtlety concerning the interaction of electrons
with spins at the nodal points. Existing theories13–15
rely on the large Hund’s exchange to kinetic energy ratio
in assuming perfect alignment of local and itinerant spin
moments. Such assumption obviously fails when the
effective Hund coupling, given by the combined value
J |Sr|, J=exchange energy, Sr=local magnetization,
FIG. 1: (color online) Spin configuration of 2D MM lattice.
There are two nodal points in the unit cell. Spin structure
around each node is an anti-vortex as shown.
turns to zero at the node. How to get around the
adiabatic assumption for the nodal region has remained
unclear. In this paper we provide a fresh perspective
on this issue by working out the electronic structure
in interaction with the topological crystal phase with
nodes, which we call the nodal topological lattice.
The paper is organized as follows. In Sec. II we outline
the model for the nodal topological lattices. Localized
zero energy states are shown numerically to exist in the
vicinity of the nodal points of the 2D MM and 3D HH
lattices. In Sec. III we investigate the wavefunction of
the zero energy states in the lattice model. Zero energy
states are constructed explicitly for small t/J on the lat-
tice. In Sec. IV we show the full electronic structure of
2D MM and 3D HH lattices and discuss Chern numbers
of the mid-gap bands. Finally, we discuss the experimen-
tal realization and application of the zero energy states
and conclude in Sec. V.
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2II. MODEL FOR NODAL TOPOLOGICAL
LATTICE
The interplay of conduction electrons through Hund’s
coupling to the local moments is captured by a simple
Hamiltonian
H = HK +HJ ,
HK = −t
∑
〈r,r′〉,σ=↑,↓
c†r,σcr′,σ,
HJ = −J
∑
r,σ,σ′
Sr ·
(
c†r,σσσ,σ′cr,σ′
)
. (1)
To the zeroth order in t/J electronic energies oc-
cur at ±J |Sr|, leaving a gap between +J |Sr|min.
and −J |Sr|min.. The adiabatic theory of emergent
electrodynamics rests on a sufficiently large value of
J |Sr|min./t13–15. When there are nodes |Sr|min. = 0
there will be two zero-energy states per node in the limit
of vanishing hybridization t = 0, one for each spin orien-
tation. As t increases, these nodal states remain exactly
at (2D), or quite near (3D), zero energy eventually form-
ing bandgap.
Existence of nodal zero-energy states for finite t/J can
be confirmed by numerical diagonalization of the model
Hamiltonian, first focusing on the 2D MM lattice6
SMMr =
(
sinKy, cosKx, sinKx+ cosKy
)
. (2)
Coordinates r = (x, y) are integer-valued and K = 2pi/R
for some integer choice of Skyrmion radius R. Nodes ap-
pear at r1 = (1/4, 1/2)R and r2 = (3/4, 0)R within the
magnetic unit cell of size R × R, both corresponding to
local anti-vortex configurations in the immediate vicinity
of nodes as shown in Fig. 1 (one spin-up, one spin-down).
Separation between the nodes is half the magnetic unit
cell: pi2 = (1/2, 1/2)R. Choosing the lattice size equal to
R×R and imposing periodic boundary condition, numeri-
cal solution of the model (1) containing one pair of meron
and anti-meron structure is shown in Fig. 2. There are
exactly four degenerate zero energy states inside the gap
as shown in Fig. 2 (a), each node attracting two localized
solutions as shown in Fig. 2 (b)16. On increasing t/J , the
minimum energy of the bulk band decreases as shown in
Fig. 2 (c), but the zero energy states still remain exactly
at E = 0.
For the 3D HH lattice of simple cubic symmetry given
by6
SHHr = S
MM
r +
(
cosKz, sinKz, 0
)
, (3)
nodes appear at eight points in the unit cell of size
R3. Hedgehogs are centered at (1, 3, 5)R/8, (3, 5, 1)R/8,
(5, 1, 3)R/8, (7, 7, 7)R/8, while anti-hedgehog locations
are displaced by pi3 = (1/2, 1/2, 1/2)R from each
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FIG. 2: (color online) (a) Energies of the 2D MM lattice for
t/J = 0.1 and R = 16 on a R × R lattice with periodic
boundary conditions (black). n is the order of the eigenen-
ergies. There are four zero-energy states away from the bulk
bands (Inset). There is no zero energy state in the case of
single spiral, Sr = (0, cosKx, sinKx) (blue). (b) Total elec-
tronic densities of the four localized zero energy solutions for
t/J = 0.1 and R = 16. Dependence of energy spectra E/J on
t/J in (c) 2D MM lattice and in (d) 3D HH lattice. Calcula-
tions are done for R×R (R×R×R) lattice, R = 16 (R = 8),
and under periodic boundary condition. Bottom of the bulk
energy band shown as red curves are clearly separated from
the localized states also colored for small t/J . There are 4
degenerate (16 nearly degenerate) localized states for the 2D
MM (3D HH) lattice.
hedgehog position. Electronic spectra show a total of 16
localized solutions per unit cell (two per node). Energies
of the localized states are shown in Fig. 2 (d). The
states are not exactly zero, but almost zero and well
away from the bulk band in the small t/J region. On
increasing t/J , the minimum energy of the bulk band
decreases and eventually connects with those of some of
the localized states. Even when this happens, some of
the localized solutions remain well-separated from the
bulk spectra.
We examined the stability of the zero energy state in
the nodal 2D lattice. Due to thermal fluctuation or ir-
regular magnetic order, the spin vectors can be slightly
modified from the perfect form in Eq. (2) or Eq. (3). We
randomly varied the spin amplitude by ±10 % and spin
angle in the range of 0.2pi from the original spin vectors,
while the nodal position is held fixed. Due to the non-
vanishing spin sum in the vicinity of the node (See the
argument about the necessary condition for the zero en-
ergy state in Sec. III B), all zero energy states slightly are
lifted from exact zero. However the energy scale of the
broadness due to the random fluctuation, Jδ (|Sr|min.) is
3much smaller than the gap, J |Sr|min. due to the Hund
coupling in the small t/J .
III. ZERO-ENERGY ELECTRONIC STATES IN
NODAL TOPOLOGICAL LATTICE
A. Symmetries of nodal topological lattice
Applying the time-reversal operation Θ ≡ −iσyK
(K=complex conjugation) on the Hamiltonian (1) gives
ΘHK = HKΘ, ΘHJ = −HJΘ. (4)
The translation operator T that moves each point by half
the topological lattice spacing r→ r+ pid (d = 2, 3) has
the property
T HK = HKT , T HJ = −HJT , (5)
following from the fact that Sr+pid = −Sr for the spin
structure under consideration. Taking the product of the
two mutually commuting operators, Θ and T to form a
quasi-Kramers operator Λ = ΘT (Λ2 = −T 2), one ob-
tains [H,Λ] = 0. Further, on a Rd lattice with periodic
boundary condition we also have T 2 = 1, Λ2 = −1, thus
the two eigenstates of energy En, |n〉 and Λ|n〉 will in-
deed be Kramers pairs. Another symmetry operation S,
cr,σ → (−1)Nrcr,σ, has the property
SHK = −HKS, SHJ = HJS, (6)
where Nr is the minimal number of steps from the
node. The composite operator Ω = ΘS (Ω2 = −1)
anti-commutes with the Hamiltonian {H,Ω} = 0 while
commuting to Λ, and serves as the particle-hole conjuga-
tion operator relating |n〉 with Ω|n〉 of opposite energy.
Should a zero energy state |ζ〉 exist, it must do so in
quartet, (|ζ〉,Λ|ζ〉,Ω|ζ〉,ΛΩ|ζ〉), in agreement with the
numerical findings for two-dimensional MM lattice for
R × R lattice. In 3D HH lattice, two of all states are
always degenerate due to Λ operation. The particle-
hole symmetry also gives rise to the negative energy
states, as the count-partners of the positive energy states.
B. Construction of zero-energy states
Zero-energy solutions around a single node can be con-
structed for small t/J . With the nodal position at the
origin, the state has the expansion
|ζ〉= |0,S0〉+
∑
r
(
t
J
)Nr [
c+r |r,Sr〉+c−r |r,−Sr〉
]
(7)
in terms of coherent states |r,±Sr〉 of either spin
orientations ±Sr at site r. For the magnetization
Sr = |Sr| (cosφr sin θr, sinφr sin θr, cos θr), spin coherent
states are given as
|Sr〉 =
(
cos θr2
eiφr sin θr2
)
, | − Sr〉 =
( −e−iφr sin θr2
cos θr2
)
.(8)
Absence of spin at the node allows certain freedom in
choosing the nodal spin orientation S0. Nr is the minimal
number of steps in a path required to reach a given point
r starting from the node 0 (Recall that all such paths
have the same Nr). We have
HK |ζ〉 = −t
∑
r,eα
[(
t
J
)Nr−1 (
c+r−eα〈Sr|Sr−eα〉|r,Sr〉+ c−r−eα〈−Sr| − Sr−eα〉|r,−Sr〉
)
,
+
(
t
J
)Nr+1 (
c+r+eα〈Sr|Sr+eα〉|r,Sr〉+ c−r+eα〈−Sr| − Sr+eα〉|r,−Sr〉
)]
, (9)
HJ |ζ〉 = −J
∑
r6=0
(
t
J
)Nr
|Sr|
[
c+r |r,Sr〉 − c−r |r,−Sr〉
]
, (10)
where r − eα is the nearest-neighbor of r lying one
step closer to the origin than r, carrying the prefactor
(t/J)Nr−1, and r + eα is one step further away from
the origin with the factor (t/J)
Nr+1. |Sr| is the mag-
netization amplitude at r. When deriving Eq. (9) we
ignored 〈−Sr±eα |Sr〉 as small in magnitude compared
to 〈Sr±eα |Sr〉, assuming a smoothly varying spin back-
ground. In order that the sum of Eqs. (9) and (10) van-
ish, (HK + HJ)|ζ〉 = 0, one must require the coefficient
for each |r,±Sr〉 vanish, i.e.,
4c±r−eα〈±Sr| ± Sr−eα〉+
(
t
J
)2
c±r+eα〈±Sr| ± Sr+eα〉
= ∓c±r |Sr| (r 6= 0), (11)∑
eα
(
c+eα |Seα〉+ c−eα | − Seα〉
)
= 0 (r = 0). (12)
The second term in Eq. (11), of order (t/J)2 smaller
than the first, can be ignored for small t/J , leading to
the final simple recursion relation
c±r = (∓1)
∑
eα
c±r−eα
〈±Sr| ± Sr−eα〉
|Sr| . (13)
Again the sum on the right extends only over those neigh-
bors of r that lie one step closer to the origin. Evaluating
c±r depends on the knowledge of c
±
r−eα , at neighbors lying
one step closer to the origin. Extending the relation all
the way to the origin gives a discrete path sum,
c±r = (∓1)Nr
∑
C
〈±Sr| ± Sr′〉
|Sr| · · ·
〈±S1|S0〉
|S1| . (14)
Each product inside the sum takes place along a particu-
lar path C = (0→ r1 → · · · → r′ → r) from the node to
r of length Nr. Contributions of all equi-distant, distinct
paths are then summed over to give c±r above. Inserting
c±eα = ∓〈±Seα |S0〉/|Seα | for each nearest neighbour of
the origin into Eq. (12) gives the extra condition on the
zero-energy state,
∑
eα
Seα/|Seα | = 0. (15)
The sum of nearest-neighbor spin directions must be zero,
in order to guarantee the existence of zero-energy mode.
A second zero-energy solution is found by the particle-
hole symmetry operation,
Ω|ζ〉 = |0,−S0〉
+
∑
r
(
− t
J
)Nr [(
c+r
)∗ |r,−Sr〉−(c−r )∗ |r,Sr〉].(16)
Examining Eq. (14) c±r in light of the identity
(〈Sr′ |Sr〉)∗ = 〈−Sr′ | − Sr〉, we conclude that |c+r | = |c−r |
at all points r provided 〈Seα |S0〉 is chosen to have the
same amplitude as 〈−Seα |S0〉 for all immediate neigh-
bors eα of the origin. While this is not a necessary con-
dition to guarantee a zero-energy state, such choice of
S0, if possible, ensures |c+r | = |c−r | for all r. The resulting
zero-energy solution |ζ〉 (as well as Ω|ζ〉) then would have
the nice property that its spin average remains strictly
orthogonal to the local magnetization:
Sr · 〈ζ|σr|ζ〉 = 0. (17)
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FIG. 3: (color online) Wavefunction overlap between the
normalized zero energy state by the exact numerical re-
sult of lattice model and our analytic solution in Eq (7),
|〈ζexact|ζ〉|. In the small t/J limit, two zero energy state
are almost identical. The calculation is performed under the
spin texture when Sr = f(r) (y/r, x/r, 0) in 2D (solid line)
and Sr = f(r) (x/r, y/r, z/r) in 3D (thick solid line) where
f(r) = 1 − δr,0 (grey arrows in inset) in the 13 × 13(×13)
lattice. Inset: Schematic illustration of the zero energy state
when t/J = 0.1. Local average spin of zero energy state (solid
arrows), 〈ζ|σr|ζ〉, is perpendicular to Sr in the main. The red
arrow and blue arrow are the up spin vector and the down
spin vector, respectively. Adjusted magnetization amplitudes
|〈ζ|σr|ζ〉|1/4 is used in the figure for clarity.
The zero-energy state, unable to favor either parallel or
anti-parallel spin orientation, chooses to develop the po-
larization in the plane perpendicular to the local moment.
In two dimension such choice of S0 is possible provided
the four neighboring spins all lie in the plane, leaving
an orthogonal direction for S0. In 3D HH lattice choos-
ing such S0 is generally impossible although zero-energy
states can still be constructed quite easily with Eq. (15).
An illustration of the zero-energy solution around the
anti-vortex spin configuration (gray arrows) is shown
in Fig. 3. We choose the spin texture, Sr =
f(r) (y/r, x/r, 0) in 2D and Sr = f(r) (x/r, y/r, z/r) in
3D, where f(r) = 1 everywhere except at the origin,
f(0) = 0. Since |S0〉 is not fixed, the spin orienta-
tion of the zero energy state at the node is assigned
|S0〉 = (1, 0)T . Exact numerical result of the lattice
model with this profile Sr, on a lattice of odd linear
dimension with open boundary condition, matches our
analytic solution in Eq. (7) for the same Sr almost per-
fectly, |〈ζexact|ζ〉| ≈ 1, in the small t/J region.
Existence of two zero-energy states per defect is guar-
anteed by symmetry of the anti-vortex or the hedgehog
profile which obeys S−r = −Sr. This leads to an ad-
ditional, inversion symmetry of the Hamiltonian under
the operation I that moves each r to −r. The operation
gives
IHK = HKI, IHJ = −HJI. (18)
The composite operator ΘI, which commutes with the
Hamiltonian, ensures a pair of Kramers-like degenerate
states. Combined with the particle-hole symmetry which
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FIG. 4: (color online) (a) Electronic band structure for 2D
MM lattice, using t/J = 0.3 and R = 8. Nodal bands are
indicated as almost overlapping red lines. (b) Enlarged nodal
bands at the zero magnetic field. (c) Magnetic field mz =
0.05J is added. Outer two bands are split away and carry
Chern numbers. (d) NNN hopping t′ = 0.1t is added. All
four nodal bands become non-degenerate and carry distinct
Chern numbers indicated on right.
is also present in the model and assuming that the calcu-
lation is done on a lattice of odd linear dimension (there-
fore of odd total sites), we are forced to conclude that
there must exist a pair of states at zero energy which
precisely corresponds to the localized solutions discussed
in this section.
IV. BAND STRUCTURE OF NODAL
TOPOLOGICAL LATTICE
Full electronic structure coupled to the nodal lattice is
worked out in Figs. 4 and 5, for two and three dimen-
sions, respectively. Nodal bands (induced by the periodic
nodes in the magnetization) around E = 0 are indicated
as red curves. At the Γ point, there are four degener-
ated states caused by the Λ and Ω symmetry. Note that
Λ2 = −eik·2pid for a specific Bloch momentum k. Qusi-
Kramers degeneracy is guaranteed at the Γ and the M
point (corner of the Brillouin zone) due to Λ2 = −1.
Chern numbers in 2D appear for the central bands
upon breaking of time reversal symmetry. The non-
trivial Chern number is the direct evidence of the topo-
logical Hall effect3. The quasi-time-reversal symmetry
Λ is broken, for instance, by the Zeeman field HZ =
−mz
∑
r
(
c†r,↑cr,↑ − c†r,↓cr,↓
)
. Two outermost bands sep-
arate away from the two inners ones and take on Chern
numbers ±1 as shown in Fig. 4 (b). The Ω symmetry
is broken by the next nearest neighbor (NNN) hopping,
HNNN = −t′
∑
〈〈r,r′〉〉
(
c†r,↑cr′,↑ + c
†
r,↓cr′,↓
)
. Now all the
zero-energy bands have the Chern numbers shown in Fig.
4 (c).
The 3D simple cubic HH band structure includes the
16 zero energy bands shown in Fig. 5. At the M point,
the bands are degenerate as the Kramers pair. Due to
the complexity of the calculation we have not attempted
the calculation of the cross-sectional Chern numbers
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FIG. 5: (color online) (a) Electronic band structure for 3D
simple cubic HH lattice using t/J = 0.1 and R = 8. Nodal
bands are indicated as almost overlapping red lines. (b) En-
larged view of 16 nodal bands near zero energy. (c) Electronic
DOS for HH lattice (black solid line, arbitrary units). A peak
due to zero energy bands is clearly shown in solid red. Zero-
energy DOS disappears when the magnetic texture is a simple
spiral S = (0, cosKx, sinKx) (dahsed blue curve).
after all the band degeneracies are split. A reasonable
expectation is that both the zero-energy bands and the
bulk bands carry Chern numbers for a general cross
section. A better and more direct manifestation of the
zero-energy states may be the enhanced density of states
(DOS) around E = 0, shown in Fig. 5 (c).
V. DISCUSSION
Several recent electronic structure calculations of
MnGe reveal an extremely complex band pattern of this
material17–19. A rough consensus among the calculations
points to the Hund coupling JMnGe ' 2 eV, much big-
ger than the typical bandwidth of an individual band
t ' a few 100 meV17–19. The large J/t assumption used
throughout this work is reasonably well justified for the
majority-minority band pair in MnGe, suggesting that
the formation of solitonic narrow bands half way between
them is likely to accompany the HH phase. Extra states
induced by the nodal lattice can be picked up by the
DOS studies employing surface-sensitive STM or tun-
neling techniques. We point out that the MM lattice
phase has been predicted to occur in the interface region
between SrTiO3 and LaAlO3
20. Furthermore, the non-
collinear magnetic texture attached to the s-wave super-
coductor could provide a higher-dimensional platform for
realizing Majorana states21,22. Possible existence of Ma-
jorana states in nodal topological lattice in dimensions
two and three will be examined in the future.
In conclusion, we addressed the electronic structure
of the nodal topological lattice that have potential rel-
evance to MnGe crystal or the SrTiO3/LaAlO3 inter-
face. We find two zero energy states trapped around
each node. Wave functions for the localized states are
6worked out in lattice. The narrow bands formed by the
zero-energy states carry Chern numbers and lead to en-
hanced density of states in an otherwise mid-gap region.
Zero-energy modes accompanying the two- and three-
dimensional non-coplanar spin structure should spur a
closer examination at realization of higher-dimensional
Majorana states.
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